Coriolis effect on thermal convection in a couple-stress fluid-saturated rotating rigid porous layer by Shivakumara, I.S. et al.
Arch Appl Mech (2011) 81: 513–530
DOI 10.1007/s00419-010-0425-8
ORIGINAL
I. S. Shivakumara · S. Sureshkumar · N. Devaraju
Coriolis effect on thermal convection in a couple-stress
fluid-saturated rotating rigid porous layer
Received: 16 July 2009 / Accepted: 19 March 2010 / Published online: 7 April 2010
© Springer-Verlag 2010
Abstract Both linear and weakly nonlinear stability analyses are performed to study thermal convection in
a rotating couple-stress fluid-saturated rigid porous layer. In the case of linear stability analysis, conditions
for the occurrence of possible bifurcations are obtained. It is shown that Hopf bifurcation is possible due to
Coriolis force, and it occurs at a lower value of the Rayleigh number at which the simple bifurcation occurs.
In contrast to the nonrotating case, it is found that the couple-stress parameter plays a dual role in deciding
the stability characteristics of the system, depending on the strength of rotation. Nonlinear stability analysis
is carried out by constructing a set of coupled nonlinear ordinary differential equations using truncated rep-
resentation of Fourier series. Sub-critical finite amplitude steady motions occur depending on the choice of
physical parameters but at higher rotation rates oscillatory convection is found to be the preferred mode of
instability. Besides, the stability of steady bifurcating equilibrium solution is discussed using modified pertur-
bation theory. Heat transfer is calculated in terms of Nusselt number. Also, the transient behavior of the Nusselt
number is investigated by solving the nonlinear differential equations numerically using the Runge–Kutta–Gill
method. It is noted that increase in the value of Taylor number and the couple-stress parameter is to dampen
the oscillations of Nusselt number and thereby to decrease the heat transfer.
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1 Introduction
Thermal convection in fluid-saturated porous media has generated an increasing interest during recent years
because of its relevance in a wide range of applications such as water movement in geothermal reservoirs,
thermal insulation, solid-matrix compact heat exchangers, energy storage units, ceramic processing and packed
bed chemical reactors among others. As a consequence, several studies have been undertaken to investigate
the effects of different phenomena connected with such media, and majority of these studies are concerned
with Newtonian fluid saturating porous media [1–6].
In the aforementioned applications, the effect of rotation expressed as a Coriolis force plays a vital role.
The effect of rotation on the onset of thermal convection in a horizontal fluid layer is well known for ordinary
viscous fluids ([7–9], references therein). Its counterpart in a porous layer has also received considerable atten-
tion. Friedrich and Rudraiah [10] have studied large amplitude convection in a rotating fluid-saturated porous
layer using the Darcy model. Palm and Tyvand [11] have used the same model to study the linear stability
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problem of thermal convection in a rotating porous layer, and they have shown that their results are similar to
those of nonrotating anisotropic porous medium case. Qin and Kaloni [12] have studied nonlinear stability of
the rotating Benard problem in a porous medium by employing the generalized Brinkman model as a suitable
prototype for high porosity porous media using energy theory. Vadasz [13] has used linear and weak nonlinear
stability theories to study the effect of Coriolis force on gravity-driven convection in a rotating porous layer
heated from below by employing the modified Darcy model. The differences as well as similarities between the
porous medium and pure fluids convection results are highlighted in this study. An excellent review of research
on thermal convection in a rotating porous medium is given by Vadasz [14]. A nonlinear stability analysis
for thermal convection in a rotating porous layer has been performed by Straughan [15]. Govender [16] has
analyzed the effect of Coriolis force on centrifugally driven convection in a rotating layer of porous medium.
Straughan [17] and Malashetty et al. [18] have studied linear and nonlinear thermal convection in a rotating
porous layer using a thermal nonequilibrium model. Recently, Shivakumara et al. [19] have investigated the
effect of Coriolis force on thermal convection in a layer of Newtonian fluid-saturated porous medium using
the Brinkman–Lapwood–Darcy model with fluid viscosity different from Brinkman viscosity.
Although thermal convection in Newtonian fluid-saturated porous media with and without rotational effects
has been studied extensively, a limited number of studies are related to thermal convection of non-Newtonian
fluids in porous media [20]. With the growing importance of non-Newtonian fluids in modern technology and
also of its natural occurrence, the investigations on such fluids are quite desirable. In particular, the theory
of polar fluids has received wider attention in recent years because the traditional Newtonian fluids cannot
precisely describe the characteristics of the fluid flow encountered in many practical problems such as the extru-
sion of polymer fluids, solidification of liquid crystals, cooling of metallic plates in a bath, exotic lubricants
and colloidal fluids to mention a few. These fluids deform and produce a spin field due to the microrotation of
suspended particles forming micropolar fluid developed by Eringen [21]. The micropolar fluids take care of
local effects arising from microstructure and as well as the intrinsic motions of microfluidics. The spin field
due to microrotation of freely suspended particles set up an antisymetric stress, known as couple-stress, and
thus forming couple-stress fluid. Thus couple-stress fluid, according to Eringen [21], is a particular case of
micropolar fluid when microrotation balances with the natural vorticity of fluid. The couple-stress fluid has
distinct features, such as polar effects and whose microstructure is mechanically significant. For such a special
kind of non-Newtonian fluids, the constitutive equations are given by Stokes [22]. Based on this formulation,
convective instability in either a couple-stress fluid layer or couple-stress fluid-saturated porous layer heated
from below has been investigated in the recent past including the effects of an additional diffusing component
(i.e., solute concentration) and external constraints such as magnetic field and /or rotation.
Goel et al. [23] have studied the hydromagnetic stability of an unbounded couple-stress binary fluid mix-
ture under rotation with vertical temperature and solute concentration gradients. A layer of couple-stress fluid
saturating a porous medium heated from below in the presence of rotation has been studied by Sharma et al.
[24], and condition for the onset of convection is obtained. Sunil et al. [25] have investigated the effect of
magnetic field and rotation on a layer of couple-stress fluid heated from below in a porous medium, while
Sunil et al. [26] have considered the effect of suspended particles on the stability of a couple-stress fluid layer
heated and soluted from below in a porous medium. The linear and nonlinear double diffusive convection
with Soret effect in couple-stress liquids have been considered by Malashetty et al. [27]. Gaikwad et al. [28]
have studied linear and non-linear double diffusive convection with Soret and Dufour effects in couple-stress
liquids. Malashetty et al. [29] have investigated the onset of convection in a couple-stress fluid-saturated porous
layer using a thermal nonequilibrium model. Recently, Shivakumara [30] has discussed the effect of various
non-uniform basic temperature gradients on the onset of convection in a couple-stress fluid-saturated porous
layer.
The interest in the present study is to investigate systematically the effect of Coriolis force on thermal con-
vection in a couple-stress fluid-saturated rotating rigid porous layer. Both linear and weakly nonlinear stability
analyses have been performed. A truncated model is introduced to construct a system of nonlinear ordinary
differential equations with the properties that the linear theory and the finite amplitude solutions obtained up
to second order in the amplitude expansion will be identical to those obtained in the case of full problem.
From the study of linear stability analysis, condition for the occurrence of different types of bifurcations is
obtained. The presence of rotation gives rise to oscillatory convection and more interestingly it is recognized
that the couple-stress parameter plays a dual role on the stability of the system in the presence of rotation;
a result not noticed in its absence. By performing weakly nonlinear stability analysis, it is established that
sub-critical motions are possible for a suitable choice of physical parameters. Besides, the nonlinear system of
autonomous ordinary differential equations are solved numerically using the Runge–Kutta–Gill method with
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appropriate initial conditions to know the transient behavior of heat transport which is calculated in terms of
Nusselt number. The existing results for the Newtonian fluid are obtained as particular cases in the present
study.
2 Mathematical formulation
We consider an infinite horizontal layer of couple-stress fluid-saturated porous medium confined between hor-
izontal planes at z = 0, d and the solid phase of the porous medium is considered to be rigid. The temperatures
of the lower and upper surfaces bounding the porous medium are taken to be uniform and equal to T0 +T and
T0, respectively, with T > 0. The entire system is rotating with constant angular velocity  = kˆ, where
kˆ is a unit vector in the vertical direction, and the rotation does not disrupt the isotropy of the rigid porous
medium. It is assumed that the fluid and solid phases of the porous medium are in local thermal equilibrium.
A Cartesian coordinate system (x, y, z) is used, with the z-axis vertically upward in the gravitational field. The
Boussinesq approximation is assumed to be valid, and the equation of continuity and state is, respectively,
given by:
∇ · q = 0 (1)
ρ = ρ0{1 − αt (T − T0)} (2)
where, q = (u, v, w) is the seepage velocity vector, T the temperature, ρ the fluid density and αt the thermal
expansion coefficient. The energy equation is given by
Ah
∂T
∂t
+ (q · ∇)T = κ∇2 q (3)
where Ah = (ρ0c)m/(ρ0c) f = [(1 − ε)(ρ0c)s + ε(ρ0c) f ]/(ρ0c) f the ratio of heat capacities, κ the effective
thermal diffusivity, c the specific heat and ε the porosity. The subscripts m, s and f refer to the porous medium,
solid and fluid, respectively.
Following Stokes [22], the equation of motion of an incompressible couple-stress fluid in the absence of
body couple and a porous medium is:
ρ0
[
∂ q f
∂t
+ (q f · ∇) q f
]
= −∇ p + ρ g + μ∇2 q f − μc∇4 q f (4)
where q f is the velocity of couple-stress fluid in the absence of porous medium, p the fluid pressure, μ the
dynamic viscosity, μc the material constant responsible for the couple-stress property known as the couple-
stress viscosity and g the acceleration due to gravity. In the case of polar fluids the action of one part of the
body on its neighborhood cannot be represented by a force alone but rather by a force and couple. The last
term on the right-hand side of Eq. (4) represents the effect of couple-stresses in an incompressible fluid. When
μc = 0, Eq. (4) reduces to the Navier–Stokes equation. The equation of motion of couple-stress fluid through
a porous medium can be viewed as follows. It is a known fact that the Darcy equation can be derived from
the Navier–Stokes equation by statistical averages and simplifications of the complicated microscopic flow
picture [31,32]. Following the same procedure, the equation of motion for a couple-stress fluid through a
porous medium can be obtained from Eq. (4), and with the inclusion of rotational effects the equation reads as
1
ε
∂ q
∂t
= − 1
ρ0
∇ P + {1 − αt (T − T0)}g − 2
ε
 × q − 1
kρ0
(
μ − μc∇2
) q (5)
where q = εq f , P is the effective pressure and k is the permeability of the porous medium. Equation (5)
is indeed the averaged equation applicable for couple-stress fluid flow through rotating porous media. It is
observed that the presence of rotation introduces an additional body force known as Coriolis force which has
a profound effect on the flow of couple-stress fluid through porous media. The time derivative term is taken
into consideration in Eq. (5) in order to analyze the occurrence of oscillatory convection due to the presence
of rotation. When μc = 0, Eq. (5) reduces to the case of Newtonian fluid saturating a porous medium and note
that the presence of couple-stress is to alter the viscosity of the fluid. Thus, the governing equations which are
needed to solve the problem under discussion are Eqs. (1), (3) and (5), which are, respectively, the continuity
equation, the energy equation and the momentum equation.
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The basic state is quiescent, and the basic temperature distribution satisfying the boundary conditions
Tb = T0 + T at z = 0 and Tb = T0 at z = d is given by Tb − T0 = T (1 − z/d), where the subscript b
denotes the basic state. We restrict our attention to two-dimensional convection in the perturbed state, and all
variations with respect to y are assumed to vanish. For the present configuration, it is convenient to eliminate
the pressure P by cross-differentiating the first and the third equations of motion given by Eq. (5). Then defining
the y-component of vorticity, ζ = ∂u/∂z − ∂w/∂x , we have
1
ε
∂ζ
∂t
− 2
ε
∂v
∂z
= −αt g ∂θ
∂x
− 1
ρ0k
(μ − μc∇2)ζ (6)
where, θ (x, z, t) is the deviation of the temperature from the linear profile.
The second equation of motion has the form
1
ε
∂v
∂t
+ 2
ε
u = − 1
ρ0k
(μ − μc∇2)v. (7)
Introducing the stream function ψ through the definition u = ∂ψ/∂z, w = −∂ψ/∂x and non-dimension-
alizing the variables by scaling t by d2ε/κ, q by κ/d, x and z by d and θ by T , we obtain the following
dimensionless equations[
1
PrD
∂
∂t
+ (1 − c∇2)
]
∇2ψ = T a1/2D
∂v
∂z
− RD ∂θ
∂x
(8)
(
1
PrD
∂
∂t
+ (1 − c∇2)
)
v = −T a1/2D
∂ψ
∂z
+ 1
PrD
J (ψ, v) (9)
(
M
∂
∂t
− ∇2
)
θ = −∂ψ
∂z
+ J (ψ, θ) (10)
where, J ( f, g) = ∂ f
∂x
∂g
∂z − ∂ f∂z ∂g∂x is the Jacobian, RD = αt gT kd/νκ is the Darcy–Rayleigh number, T aD =
42k2/ν2ε2 is the Darcy-Taylor number, PrD = νε2d2/kκ is the modified Darcy–Prandtl number, M = Ah/ε
is the non-dimensional group, c = μc/μd2 is the couple-stress parameter and ν = μ/ρ0 is the kinematic
viscosity. It may be noted that the system behaves like a double diffusive one with angular velocity as a second
component. The effects of couple-stress are significant for large values of c(=l/d), where l = √μc/μ is the
material constant. If l is a function of the molecular dimensions of the liquid, it will vary greatly for different
liquids. For example, the length of a polymer chain may be a million times the diameter of water molecule
[22]. Therefore, there are all the reasons to expect that couple-stresses appear in noticeable magnitudes in
liquids with large molecules.
We have to solve Eqs. (8), (9) and (10) subject to the boundary conditions. The boundaries are assumed to be
impermeable with vanishing couple-stress and perfect conductor of heat. Therefore, the boundary conditions
are as follows:
ψ = ∂
2ψ
∂z2
= ∂v
∂z
= 0 at z = 0, 1 (11a)
θ = 0 at z = 0, 1. (11b)
Although it is possible to solve Eqs. (8), (9) and (10) subject to the boundary conditions numerically, here
we construct a set of coupled nonlinear ordinary differential equations with solutions that mimic the essential
features of solution to the full system. For this, we expand the dependent variables as truncated double Fourier
series in space and then adopt the minimal representation such that-
(i) the linear theory results are identical with those for the full problem,
(ii) the seepage velocity remains finite for all finite values of RD , and
(iii) some effects of zonal velocity are included.
These are achieved with a fifth-order system of nonlinear ordinary differential equations which possesses both
periodic and steady solutions and allows sub-critical instability. This simplified model has the great advantage
that steady finite amplitude solutions can be obtained at once and their stability can be investigated analytically.
Moreover, the representation is just that which reproduces results obtained by modified perturbation theory to
second order in amplitude, for the full problem and qualitatively accurate for larger amplitudes. Following the
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procedure introduced by Veronis [33] and Moroz [34], we construct a low-order model that allows us to study
the linear and weakly nonlinear aspects of the problem. Accordingly, the stream function, the temperature and
the zonal velocity are expanded as Fourier series in x and z as follows:
ψ = 2
√
2
α
δA(t∗) sin(αx) sin(π z) (12a)
θ = 2
√
2
δ
B(t∗) cos(αx) sin(π z) − C(τ )
π
sin(2π z) (12b)
v = 2
√
2
αδ
D(t∗) sin(αx) cos(π z) − E(τ )
π
sin(2αx) (12c)
where α is the wave number, δ2 = π2 + α2 is the total wave number, t∗ = δ2t is the normalized time and
A(t∗) − E(t∗) are the amplitudes which are to be determined in the dynamics of the system. These fields
are consistent with the respective boundary conditions. Substituting the above expressions into Eqs. (8), (9)
and (10) and consistently neglecting all terms generated that involve higher harmonics, we obtain a system of
autonomous nonlinear ordinary differential equations in the following form:
d A
dt∗
= −PrD
[
ηA + RDα
2
δ6
B − πT a
1/2
D
δ6
D
]
(13a)
d B
dt∗
= 1
M
[A(C − 1) − B] (13b)
dC
dt∗
= − β
M
(AB + C) (13c)
d D
dt∗
= −
(
PrDηD + PrDπT a1/2D A + αAE
)
(13d)
d E
dt∗
= − PrD
δ2
 E + β AD
α
(13e)
where η = 1/δ2 +c, β = 4π2/δ2 and  = 1 + 4cα2. We note that η is a representative of the viscosity of
the fluid, and it is evident that the suspended particles add to the viscosity. The truncation leading to the above
equations is consistent, in that no other lower-order harmonics are generated by the substitutions (12a–c).
Equations (13a–e) are the basic set that will be studied in this paper. These equations possess two significant
properties. First, the divergence of the flow in phase space
∂ A˙
∂ A
+ ∂ B˙
∂ B
+ ∂C˙
∂C
+ ∂ D˙
∂ D
+ ∂ E˙
∂E
= −
[
PrD
(
2η + 
δ2
)
+ (1 + β)
M
]
(14)
where dot above a quantity denotes derivative with respect to t∗, is always negative and so the solutions are
attracted to a set of measure zero in the phase space. This may be a fixed point, a limit cycle or a strange
attractor. Second, the equations have an important symmetry, for they are unchanged if the signs of A, B and
D are reversed while C and E are left unchanged. More generally, the Fourier expansion in x and z leads to an
infinite set of coupled nonlinear ordinary differential equations. The truncation (12a–c) does in fact include
just those Fourier components that appear when A is small.
3 Linear stability analysis
Equation (13a–e) admit the trivial solution A = B = C = D = E = 0 that corresponds to pure conduction
of heat with no fluid motion present. The linear stability of this static solution may be obtained from the
system Eq. (13a–e) by neglecting all nonlinear terms and seeking the solutions of the form exp(σ t∗), where
σ = ωr + iω is a complex number, whose real part represents the growth rate and imaginary part allows for an
oscillatory behavior. No instability arises from the decoupled equations for C and E, and the remaining three
equations yield the cubic dispersion relation
σ 3 + δ1σ 2 + δ2σ + δ3 = 0 (15)
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Table 1 Variation of α2min for different values of c and T aD
T aD 0 50 100 200
c α
2
min α
2
min α
2
min α
2
min
0 3.142 8.395 9.959 11.829
0.5 2.289 2.788 3.083 3.469
1.0 2.257 2.442 2.586 2.808
1.5 2.246 2.339 2.420 2.558
2.0 2.239 2.295 2.346 2.438
where,
δ1 = δ2
(
2PrDη + 1M
)
(16a)
δ2 = PrDα
2
Mδ2
(
δ6 PrD Mη2
α2
+ 2δ
6η
α2
+ π
2 PrDT aD M
α2
− RD
)
(16b)
δ3 = Pr
2
Dα
2η
M
(
δ6η
α2
+ π
2T aD
α2η
− RD
)
. (16c)
The roots of Eq. (15) give different bifurcations and these are discussed in the following subsections.
3.1 Codimension-one stationary bifurcation
This type of bifurcation corresponds to a simple zero eigenvalue (i.e., σ = 0), which can be obtained when
δ3 = 0 and δ2 > 0. The condition δ3 = 0 gives the simple bifurcation. The simple bifurcation occurs at
RD = RsD , where
RsD =
δ6η
α2
+ π
2T aD
α2η
. (17)
To find the minimum value of RsD , it is differentiated with respect to α2 and equated to zero. A polynomial in
α2min, whose coefficients are functions of the parameters influencing the instability, is obtained and is given by
2
(
α2min
)5 +5
(
η′ + 2π
2
5
) (
α2min
)4 + 4η′ (η′ + π2) (α2min)3 +
{
η′2 + 2π2η′ − π4 − T aDπ
2
c
} (
α2min
)2
−π4
(
η′2 + T aD
2c
) (
2α2min + η′
) = 0 (18)
where, η′ = π2 + 1/c. The values of α2min computed numerically for different values of c and T aD are
tabulated in Table 1. From this table it is seen that increase in the value of couple-stress parameter is to decrease
marginally the critical wave number, and hence its effect is to enlarge the size of convection cells. However,
increase in the value of T aD is to increase the wave number, but significantly when the couple-stresses are
absent (i.e., c = 0). Also, from Eq. (17) it is seen that the presence of Coriolis effect is to increase the value
of RsD , and hence it has a stabilizing effect on the system.
When T aD = 0, Eq. (17) reduces to
RsD =
δ6
α2
(
1
δ2
+ c
)
. (19)
We note that RsD given by Eq. (19) attains its minimum value at
αmin =
√√√√√
⎧⎨
⎩
− (π2c + 1) +
√(
π2c + 1
) (
9π2c + 1
)
4c
⎫⎬
⎭ (20)
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By rescaling the quantities in the form RsDres = RsD/π2, = cπ2, and a = α2/π2, Eq. (17) can be written
as
RsDres =
(1 + a)T aDres
a[1 + (1 + a)] +
(1 + a)2
a
+ (1 + a)
3
a
. (21)
When c=0 (i.e., Newtonian fluid case), Eq. (21) reduces to
RsDres =
(1 + a)2
a
+ (1 + a)
a
T aDres (22)
and coincides with the results of Vadasz [13].
3.2 Codimension-one Hopf bifurcation
This type of bifurcation occurs when δ3 = δ1δ2 and δ2 > 0. Then, a pair of complex conjugate eigenvalues
σ = ±iω is a possible solution of Eq. (15). This corresponds to an oscillatory instability. The condition
δ3 = δ1δ2 gives an expression for the Rayleigh number RD = RHD at which Hopf bifurcation occurs, where
RHD =
2η (1 + PrDηM)
α2
[
δ6 + λ2π2T aD
(
PrD
1 + PrDηM
)2]
. (23)
The second condition gives the oscillation frequency ω2 as a function of physical parameters as
ω2 = (1 − PrDηM) Pr
2
Dπ
2T aD
δ2 (1 + PrDηM) − δ
4 Pr2Dη
2. (24)
For the occurrence of Hopf bifurcation ω2 must be positive. From the above equation it is thus evident that
Hopf bifurcation is not possible if the Coriolis effect is not present (i.e., T aD = 0). In other words, the Coriolis
force due to rotation is the cause to set up oscillatory convection in a couple-stress fluid - saturated rigid
porous medium as observed in the Newtonian fluids. Since ω2 > 0, from Eq. (24) it is clear that the necessary
conditions for the occurrence of oscillatory instability are
PrD <
1
ηM
, T aD >
δ6η2 (1 + PrDηM)
π2 (1 + PrDηM) . (25)
We note that the oscillatory instability can appear only when the Taylor number exceeds a threshold value
which in turn depends on the couple-stress parameter, modified Darcy–Prandtl number and parameter M .
Further, it is interesting to note that Eq. (24) is equivalent to
ω2 = Pr
2
Dηα
2
δ2 (1 + 2PrηM)
(
RsD − RHD
)
. (26)
From Eq. (26) it is evident that if Hopf bifurcation is possible, it always occurs at a lower value of the Rayleigh
number at which the simple bifurcation occurs. By rescaling the quantities, Eqs. (23) and (24) can be expressed,
respectively, in the form
RHDres =
2[1 + (1 + a)]
a
[
(1 + a) {(1 + a) + γ M[1 + (1 + a)]} + γ
2 M2T aDres
{(1 + a)[1 + γM] + γ M}
]
(27)
and
ω2res =
[1 + a − γ M{1 + (1 + a)}]T aDres
(1 + a){(1 + a)[1 + γ M] + γ M} − [1 + (1 + a)]
2 (28)
where, γ = PrD/π2, ω2res = ω2/Pr2D and other quantities have their pre-defined meaning.
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When c = 0 (i.e., Newtonian fluid case), Eqs. (27) and (28), respectively, reduce to
RHD =
2
a
[
(1 + a) (1 + a + γ M) + γ
2 M2T aDres
(1 + a + γ M)
]
(29)
and
ω2res =
(1 + a − γ M) T aDres
(1 + a) (1 + a + γ M) − 1 (30)
which coincide with those of Vadasz [13].
3.3 Codimension-two (CT) stationary bifurcation
This type of bifurcation occurs when δ2 = 0 = δ3. Then, Eq. (15) reduces to σ 2(σ + δ1) = 0, and find σ = 0,
0 (a double zero) and σ = −δ1 (stable) are the solutions of this equation. The conditions δ2 = 0 = δ3 give the
following relations
ηδ6
a2
(PrD Mη + 1) + π
2T aD
a2η
(PrDηM − 1) = 0 (31)
and
RHD = RsD = RCT =
δ6η
α2
+ π
2T aD
α2η
. (32)
3.4 Codimension-two Hopf bifurcation
This type of bifurcation can be obtained with δ3 = 0, δ1 = 0 and δ2 > 0. Then the solutions are σ = 0 and
σ = ±iω, and in this case there is competition between stationary and oscillatory instability. Nevertheless,
from Eq. (16a) it is evident that δ1 is always greater than zero and hence this type of bifurcation is not possible
in the present problem.
4 Weakly nonlinear stability analysis
The system (13a–e) is nonlinear, and analytical solutions are not possible. However, we can obtain the solution
for the steady state. Such a study is useful because it predicts whether a finite amplitude steady solution for
the system is possible for sub-critical values of the Rayleigh number or otherwise.
Setting the left-hand sides of Eq. (13a–e) equal to zero, we have
0 = ηA + RDα
2
δ6
B − πT a
1/2
D
δ2
D (33a)
0 = A (C − 1) − B (33b)
0 = AB + C (33c)
0 = ηD + PrDπT a1/2D A + αAE (33d)
0 = − PrD
δ2
 E + β AD
α
. (33e)
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The above equations admit a nontrivial solution defined for all amplitudes A of the motion. This solution is
given by
B = − A
A2 + 1 (34a)
C = A
2
A2 + 1 (34b)
D = − Pr
2
DπT a
1/2
D  A
Pr2Dη + 4π2 A2
(34c)
E = − 4π
3 PrDT a
1/2
D A
2
α
(
Pr2Dη + 4π2 A2
) . (34d)
Substituting for B and D thus obtained in Eq. (33a) yields the equation
A
[
4π2η
(
A2
)2 + L1 (A2) + L2
]
= 0 (35a)
where
L1 = Pr2D
(
η2 + π
2T aD
δ6
)
+ 4π2
(
η − RDα
2
δ6
)
(35b)
L2 = Pr2Dα2
(
RsD − RD
)
. (35c)
The solution A = 0 corresponds to pure conduction, and the remaining solutions are given by
A2 =
[
−L1 ±
(
L21 − 16π2ηL2
)1/2]
8π2η
. (36)
We note that if L1 is negative, then L2 will also be negative. Hence, the solution only with positive sign in front
of the radical is admissible, otherwise A2 becomes negative. Consider the case when finite amplitude solutions
exist for RD < RsD . The minimum value of RD for which finite amplitude solutions exist is that value of RD
which makes the radical vanishes provided L1 is non-negative. The radical vanishes provided that
RD = R fD =
δ6
4π2α2
[
PrDπT a
1/2
D 
1/2
δ3
+ {η (4π2 − Pr2Dη )}1/2
]2
(37)
where R fD is called the finite amplitude Darcy–Rayleigh number, which characterizes the onset of finite ampli-
tude steady motions. Equation (37) gives meaningful result only when
PrD < PrD1 = 2π√
η
. (38)
Thus, for fluids with Prandtl number greater than PrD1 sub-critical motions are not possible.
After rescaling the quantities as before, Eq. (38) can be expressed in the form
R fDres =
1
4a
[
γχT a1/2Dres + {(1 + a)[1 + (1 + a)][4(1 + a) − γ 2χ [1 + (1 + a)]}1/2
]2
(39)
where R fDres = R fD/π2, χ =
√
(1 + 4a) and other quantities have their pre-defined meaning. When c = 0
(i.e., Newtonian fluid case), Eq. (39) reduces to
R fDres =
1
4a
[
γ T a1/2Dres +
{
(1 + a) (4 + 4a − γ 2)}1/2]2 . (40)
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5 Modified perturbation theory
In the neighborhood of RsD there is a triplet of steady solutions, one of which is the static solution. The other
two are finite amplitude solutions which, due to the symmetry of Eq. (13a–e), differ only in the sign of A, B
and D. We may investigate the stability of the two branches of non-trivial steady solutions in the neighborhood
of RsD in terms of the seepage velocity amplitude A by setting
R = RsD + RsD2
(
A2
) + · · · (41)
for A2 << 1. Substituting Eq. (41) into Eq. (35a), one finds, for zeroth order in A2, the results of linear
stability analysis as obtained in Sect. 3.1.
To the first order in A2, we then find that
RsD2 =
ηδ6
α2
+ π
2T aD
(
Pr2Dη − 4π2
)
Pr2Dη2α2
. (42)
We note that RsD2 may be either positive or negative. The finite amplitude solution is said to be stable (i.e.,
supercritical) if RsD2 > 0 and unstable (i.e., sub-critical) if RsD2 < 0, when ω2 < 0.
From Eq. (42) it is clear that the finite amplitude solution is stable provided
PrD > PrD1 = 2π√
η
(43)
a result which is consistent with the one obtained earlier (see Eq. 38). In the absence of rotation (i.e., T aD = 0),
we find that RsD2 = RsD , and hence sub-critical instability is not possible.
After rescaling the quantities, Eq. (42) can be expressed in the form
RsD2res =
(1 + a)2
a
{1 + (1 + a)} + T aDres (1 + a){γ
2[1 + (1 + a)](1 + 4a) − 4(1 + a)}
aγ 2[1 + (1 + a)]2(1 + 4a) (44)
where RsD2res = RsD2/π2 and the other quantities have their pre-defined meaning.
When c = 0 (i.e., Newtonian fluid case), Eq. (44) reduces to
RsD2res =
(1 + a)2
a
+ T aDres (1 + a)
(
γ 2 − 4a − 4)
aγ 2
. (45)
6 Heat transport
The vigor of convection can be measured in terms of either the heat flux or the kinetic energy. It is convenient
to introduce a normalized heat flux, given by the Nusselt number
Nu = −
〈
∂T
∂z
〉
z=0
(46)
where, the angle brackets 〈· · · 〉 correspond to a horizontal average. Substituting for T = −z + θ in Eq. (46),
we obtain
Nu = 1 + 2C. (47)
Substituting for the amplitude C in terms of A, we obtain
Nu = 1 + 2A
2
A2 + 1 . (48)
For small amplitude convection, we have
A2 = RD − R
s
D
RsD2
. (49)
When A = 0(i.e., RD = RsD) Nu = 1 and hence the heat transport is only by conduction.
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Fig. 1 Neutral stability curves for different values of γ with TaDres = 5 for a  = 0 and b  = 0.03
7 Results and discussion
The linear and weakly nonlinear thermal convection in a horizontal couple-stress fluid-saturated rotating rigid
porous layer are investigated. The primary effect of rotation is to introduce oscillatory convection in a cou-
ple-stress fluid-saturated porous layer. In the case of linear stability theory, the condition for the occurrence
of different types of bifurcation is obtained. By carrying out the nonlinear stability analysis, the possibility of
occurring sub-critical motion is analyzed. Besides, heat transfer is calculated in terms of Nusselt number. The
results obtained are presented graphically in Figs. 1, 2, 3, 4, 5, 6, 7 and 8.
Figures 1 and 2 show the marginal stability curves for steady and oscillatory modes in the (RDres, a)-
plane for T aDres = 5 and 10, respectively, for different values of modified Prandtl number γ with M = 1.25
when  = 0 (i.e., Newtonian fluid) and 0.03. The results presented in Figs. 1a and 2a are for  = 0, while
for  = 0.03 the results are shown in Figs. 1b and 2b. From these figures, we note that the neutral curves
are connected in a topological sense and the oscillatory mode is found to be the preferred mode of instability
only up to a certain value of γ which in turn depends on the strength of rotation (T aDres) as well as couple-
stresses (). Further inspection of the figures shows that the range of γ up to which the oscillatory mode is
preferred decreases in the presence of couple-stresses when compared to its absence (see Fig. 1a, b), while the
range of γ increases with an increase in the value of T aDres irrespective of couple-stress effects. Moreover,
increase in the value of γ is to increase the critical oscillatory Darcy–Rayleigh number and thus it has a stabi-
lizing effect on the system, and the case of γ → 0 provides a lower bound for the oscillatory neutral curves.
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Fig. 2 Neutral stability curves for different values of γ with T aDres = 10 for a  = 0 and b  = 0.03
Besides, the critical wave number increases (i.e., the size of convection cell decreases) with increasing γ , and
also the critical wave number for the direct mode is higher than that of oscillatory mode.
From Eqs. (21), (27) and (37), we, respectively, note that
∂ RsDres
∂T aDres
= (1 + a)
a[1 + (1 + a)] > 0 (50)
∂ RHDres
∂T aDres
= 2[1 + (1 + a)]γ
2 M2
a{(1 + a)[1 + γM] + γ M} > 0 (51)
∂ R fD
∂T aDres
=
γχ
[
γχT a1/2Dres + {(1 + a)[1 + (1 + a)][4(1 + a) − γ 2χ [1 + (1 + a)]}1/2
]
4aT a1/2Dres
> 0. (52)
Thus, RsDres, R
H
Dres and R
f
Dres are increasing functions of T aDres , and hence the effect of rotation is to
reinforce stabilizing effect on the system. However, we note that
∂ RsDres
∂
= (1 + a)
3
a
− (1 + a)
2T aDres
a[1 + (1 + a)]2 . (53)
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When T aDres = 0, from Eq. (53) it is observed that RsDres is an increasing function of  indicating the
effect of increasing couple-stress parameter is to delay the onset of steady convection. In other words, the
presence of couple-stresses is to stabilize the fluid motion against convection in the absence of any rotational
effects. When T aDres 
= 0 (i.e., in the presence of rotational effects), however, interestingly it can be seen that
the right-hand side of Eq. (53) may become either negative or positive depending on the parametric values.
That is to say, an increase in the value of  might lead to instability of a rotating rigid porous layer; result of
contrast noticed when compared to a non-rotating case. Such a behavior is not noticed in the case of RHDres
and R fDres , where these two Rayleigh numbers are found to be monotonically increasing functions of .
The destabilization due to couple-stress parameter on the steady onset in the presence of rotational effects
has been distinctly exhibited graphically in Fig. 3. This figure depicts the curves of
(
RsDres
)
min (minimum value
of RsDres obtained with respect to the wave number) as a function of  for different values of T aDres = 0,
20, 30 and 40. As observed,
(
RsDres
)
min passes through a minimum with increasing  for different values
of T aDres considered except when T aDres = 0 in which case
(
RsDres
)
min increases monotonically with .
The numerically calculated double minimum of RsDres with respect to a and  for a fixed value of T aDres is
denoted by
(
RsDres
)c
min, and the corresponding critical value of a and  is denoted by a
c and c, respectively.
The numerically computed values of
(
RsDres
)c
min for different values of T aDres are tabulated in Table 2. From
the Table 2, we note that increase in T aDres is to increase
(
RsDres
)c
min and 
c
, whereas ac remains the same.
528 I. S. Shivakumara et al.
2 4 6 8 10
1.5
2
2.5
3
3.5
2 4 6 8 10 12 14
1.5
2
2.5
3
3.5
4
0
0
 t* 
Nu
Nu
t*
(b)
(a)
Fig. 8 Variation of Nu with time for M = 1.25, PrD = 10, RsD = 9 × 103 for a T aDvphantom00 = 50 (dotted line), T aD = 300(dashed line) with  = 2 and b  = 1 (dashed line) and  = 2 (dotted line) with T aD = 50
Table 2 Values of
(
RsDres
)c
min , a
c and c for various values of T aDres
T aDres
(
RsDres
)c
min a
c c
10 16.432 2.0 0.275
20 23.238 2.0 0.527
30 28.461 2.0 0.721
40 32.863 2.0 0.884
50 36.742 2.0 1.027
To this effect, an analytic expression for c is obtained from Eq. (53) in the form
c =
√
T aDres
3
√
3
− 1
3
(54)
and it is seen that c increases with an increase in the value of T aDres .
The occurrence of minimum value of oscillatory Darcy–Rayleigh number RHDres with respect to the wave
number are, respectively, denoted by
(
RHDres
)
min and a
H
min. The variation of
(
RHDres
)
min and a
H
min as a function
of γ for different values of T aDres is presented in Fig. 4a, b respectively for two values of  = 0 and 0.03
by fixing M = 1.25. The curves which are shown in these figures end at the point where no more values
consistent with ω2res > 0 exist and it can be seen that the ending point of the figures increases with an increase
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in the value of T aDres and also when the couple-stress effect is not present. Further, increase in T aDres and
 is to delay the onset of oscillatory convection as noted earlier (see Fig. 4a). Although increase in T aDres is
to contract the size of convection cells, opposite is the case with an increase in  (see Fig. 4b).
Substituting aHmin, which minimizesRHDres , in Eq. (28) yields the corresponding minimum value of the
frequency, which is presented in terms of
(
ω2res
)
min. Figure 5 depicts the variation of
(
ω2res
)
min with logγ for
different values of T aDres and for two values of  = 0 and 0.03 when M = 1.25. A marked increase in the
frequency with increasing Taylor number is noticed from the figure, while large values of the frequency are
particularly related to small values of γ , and they decay as γ increases. Also, the presence of couple-stresses
leads to only marginal increase in
(
ω2res
)
minup to γ ≤ 1 and an opposite trend could be seen with further
increase in γ .
The variation of
(
RsDres
)
min ,
(
RHDres
)
min and (R
f
Dres)min as a function of T aDres is shown in Fig. 6a, b for
= 0.01 and 0.04, respectively, with M = 1.25 in order to know the preferred type of instability. From these
two figures, it is seen that up to a certain range of T aDres , depending on the value of γ and , sub-critical
instability is possible and exceeding this range of T aDres oscillatory instability is preferred. Moreover, the
range of T aDres , up to which sub-critical instability is preferred, is found to increase marginally with the
decrease in the value of γ and .
The heat transport calculated in terms of Nusselt number Nu, as a function of RsDres is shown in Fig. 7a, b
for different values of T aDres and , respectively, when γ = 10 and M = 1.25. From these figures it is evident
that increase in the value T aDres and  is to decrease the quantity of heat transfer due to their stabilizing
effect on the system. The transient behavior of Nusselt number is shown in Fig. 8a, b as a function of time t∗
by solving the nonlinear system of Eq. (13a–e) using the Runge–Kutta–Gill method with appropriate initial
conditions. From the figures it is seen that although the Nusselt number oscillates initially with time, it reaches
a steady state as time progresses. Further, increase in the value of T aDres (see Fig. 8a) and  (see Fig. 8b) is
to dampen the amplitude of the oscillations of heat flux and hence to decrease the value of Nusselt number.
8 Conclusions
The linear and weakly nonlinear thermal convection in a rotating couple-stress fluid-saturated rigid porous
layer are investigated in depth. It is found that the domain of the Prandtl number for the occurrence of oscillatory
convection depends on the value of heat capacity ratio M and couple-stress parameter c. It is shown that Hopf
bifurcation is possible in the presence of Coriolis force due to rotation. It is established that Hopf bifurcation
is possible always at a lower value of the Darcy–Rayleigh number at which simple/direct bifurcation occurs.
The effect of increase in Taylor number is to reinforce stability on the fluid motion against convection. In
the absence of rotational effects, increase in the value of c is to delay the onset of convection. To the con-
trary, it is found that the presence of couple-stresses shows some destabilization initially on the steady onset
when the rotational effects are present. The range of values of c up to which the system gets destabilized
increases as the strength of rotation increases. Nonetheless, increasing c is to delay the onset of oscillatory
and finite amplitude steady convection. The nonlinear autonomous ordinary differential equations are solved
numerically for the unsteady case and analytically for the steady case. It is observed that sub-critical finite
amplitude steady motions occur depending on the choice of physical parameters but at higher rotation rates
oscillatory convection is the preferred mode of instability. Further, increase in the value of Taylor number and
the couple-stress parameter is to dampen the oscillations of Nusselt number and thereby to decrease the heat
transfer.
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